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Abstract 

We obtain the eUiptic curve and the Seiberg-Witten differential for an = 2 superconfor- 
mal field theory which has an Eg global symmetry at the strong coupling point r = e^*/"^. 
The differential has 120 poles corresponding to half the charged states in the fundamental 
representation of Eg, with the other half living on the other sheet. Using this theory, we 
flow down to Ef, Eq and D^. A new feature is a Xsw for these theories based on their 
adjoint representations. We argue that these theories have different physics than those 
with Xsw built from the fundamental representations. 
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1. Introduction 

Four dimensional N = 2 superconformal theories with an unbroken U{1) gauge group 
are in one to one correspondence with Kodaira's classification of toroidal singularities. 
There are 7 strong coupling conformal points, which have a global symmetry that is either 
Aq, Ai or ^2, Eq, E-i or Eg, or D4. 

The case is of course the celebrated Seiberg-Witten result for SU (2) Super QCD 
with four hypermultiplets in the fundamental representation. The Aq, Ai and A2 cases 
can be derived from by taking appropriate limits for the masses in the theory. 

The theory has associated with it an elliptic curve and a differential Xsw- The 
deformations of the curve are determined from the bare masses in the theory as well as 
the bare coupling. A crucial property of Xsw is that it has poles in which the residues 
are linear combinations of the bare masses. Furthermore, it was shown in that this is 
sufficient to completely determine the curve. 

Of course, the En theories cannot be derived from the D4 case. However, one can 
assume the existance of Xsw for each of these theories, with the property that the residues 
of Xsw are linear combinations of mass parameters that determine the deformations 
of the elliptic curve. In 0, it was shown that this is enough to completely determine the 
curve for Eq. In this paper, we extend this analysis to the cases of E^ and E-j. 

We will also find an interesting surprise, namely, there exists other superconformal 
theories for E^ and D4 as well as Ej. We find that one can construct a Seiberg Witten 
differential based on the adjoints of these groups. As it happens, the elliptic curve for the 
adjoint case is the same as the fundamental. But since Xsw is different, the monodromies 
are different and hence the content of the physical states are different. Unlike a gauge 
symmetry, a global symmetry is a real symmetry of observable particles, and one can 
determine what representation these particles live in. A Xsw constructed from the adjoint 
representation will necessarily lead to physical states living in the adjoint representation. 
This also has another interesting consequence for D4, the adjoint case is invariant under 
SL{2, Z), and not just a semi-direct product of SL{2, Z) with S'0(8) triality. 

The surfaces that we describe are elliptic fibrations of del Pezzo surfaces. Such surfaces 
have appeared in the context of string theory as well as in the study of 5 dimensional 

gauge theory It is hoped that the results presented here will be useful for F-theory 



consider ationslpll, 11, r2^,n3|l, such as the calculations of BPS masses. 



In section 2 we discuss how one finds a set of rational curves for the case of E^. In 
section 3 we discuss the derivation of the E^ curve and compute Xsw- In section 4 we 
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discuss the flows to the E^, Eq and theories. In section 5 we present our conclusions. 
Most of the results are contained in the four appendices. 



2. Lines, Parabolas and Perfect Squares 

Consider the elliptic curves with an E^ singularity 



Eq : 


y' 


= x' 




Er: 


y' 
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- 2p^x 


Es ■ 


y' 


= x' 


-2p^ 



(2.1) 



where we have chosen the factors of two for later convenience. These curves describe del 
Pezzo surfaces. These curves have relevant deformations, the number of which can be 
easily found by comparing the dimensions of x, y and p. This number is n, the rank of the 
group. It is convenient to express these deformations in terms of the SO (16) subgroup for 
Es, SO{12) X SU{2) for E7 and 50(10) x U{1) for Eq. Hence, for each of these cases, we 
have n mass parameters that live in the Cartan subalgebra of these subroups. 

We also assume that there exists a Seiberg-Witten differential Xsw ^or each of these 
theories, which satisfies 

dXsw dx 

— {2.2} 

dp y 

and which is allowed to have poles in the x plane whose residues are linear combinations 
of the masses discussed in the previous paragraph. In order for this to happen, it must be 
true that at the positions of the poles, y"^ is a perfect square in terms of p and the mass 
parameters. 

In |1[] it was shown that such poles can appear in the -D4 case at the positions 

x = (3p + 6 (2.3) 

where /9 is a dimensionless quantity that depends on the bare coupling and 9 depends on 
the mass parameters. The Seiberg-Witten differential will have four such poles on each 
sheet, and one is free to choose a vector, spinor or spinor bar representation for these poles. 

In it was shown that in the Eq case, the positions of the poles also satisfy (|2.3|), 
except in this case, /3 is proportional to the residue for the particular pole. There are 27 
such poles, in one to one correspondence with the dimension of the representation. 
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As it turns out, the Ej case also has poles described by ( p.3|) . But an inspection 
of ( |2.1| ) shows that the poles for the Eg case cannot have this form, since the curve has 
a piece and hence the leading term in p would have an odd power if x is linear in 
p. Obviously, cannot be a perfect square in this situation. Hence if a Seiberg-Witten 
differential is to exist, the poles would have to at least have the form 

X = + /3p + e, (2.4) 

in which case y would be cubic in p. 

There is another dilemma involving the poles for Eg, and it is related to the problem 
of the poles being given by parabolas and not lines in the x ~ p plane. The fundamental 
representation for E^ is its adjoint. Accordingly, if some mass parameters are taken to 
infinity, the curve should flow to an E-j curve. The Eg adjoint representation then flows to 
representations of the Ei subgroup, which is comprised of the adjoint and two fundamen- 
tals. Hence, if Xsw exists for E'g, then there must also exist another Xsw foi' E^. This 
argument can be extended to Eq and L>4, that is, each of these theories has an Xsw with 
poles that transform in the adjoint representation for these groups. In all of these cases 
the poles are described by parabolas in the x — p plane. 

Since the dimension of Xsw is assumed to be one, in all cases, the dimension of p^/x 
is two, thus 7 is dimension negative two. As it will turn out 7 equals 87r^/(i?es)^, where 
Res is the residue for the pole. 

We can use homogeneous variables and express the curves in (^T|) as curves in the 
projective space . Hence, the rational curves in (|2.4|) are of degree 3 in P"^. It is well 
known that the E^ curve describes a cubic in P^, which is isomorphic to a P^ with 6 points 
blown up[0. A systematic counting of rational curves has been carried out for this case 
(with fixed moduli), where it was found that there are 72 distinct degree 3 curves (plus 
another 12 with arithmetic genus 1)[0. These 72 curves transform under the Eq Weyl 
group. We will see that 72 poles do appear when fiowing to the Eq case, with y a cubic in 
p, thus we see that the 72 poles that we have identified are precisely these curves. The 12 
with arithmetic genus 1 are singlets under the Weyl group, and so their residues are zero. 

For the E-j and E^ cases, the curves on the P^ are isomorphic to del Pezzos constructed 
from P^ with 7 and 8 points blown up. For the E^ case, the degree 3 curve in P^ maps 
to a curve of degree 1 on the del Pezzo, while for Ej, the degree 3 curve on P^ maps to a 
degree 2 curve. This must be the case in order to match the counting of rational curves 
for these surfaces p^,|^]. 
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The space of curves with degree higher than 1 have moduh|l£,3[. Hence the pole 
positions for the Eq and adjoints seem to be a special choice. The case of generic 



points in the moduli space is an interesting question and will be considered elsewhere[16 



3. The Eg Case 

In this section we explain the derivation of the Eg curve. All other theories considered 
in this paper flow from this one. Since Eg has a maximal 5'0(16) subgroup, we consider 
deformations described by eight mass parameters m^. We define the SO (16) invariants 

for n = 1..7, where 

8 

T2n= ^h'-^t (3-1) 

0<il<i2..<in 

There is also the invariant tg, 

8 

t8 = Y[rn,. (3.2) 

i=l 

The Es curve should be expressible in terms of these independent 5'0(16) invariants. 

Our method for deriving the curve is to turn on masses one by one, allowing for all 
possible terms in the curve consistent with r-symmetry, holomorphy and the remaining 
symmetries. This still leaves some ambiguity for the curve. However, the final terms can 
be nailed down by choosing y"^ to be a perfect square at the poles. 

We choose x such that the curve is of the form 

y''^x^-fx- g. (3.3) 

By turning on one mass, mi, the symmetry of theory is broken to SO{14). Therefore, we 
should find a Dj singularity as p approaches zero. Such a singularity satisfies g ^ , and 
f ^ p^ , and has a discriminant A — 4/"^ — 27 g'^ ~ p^ . Up to a rescaling of mi, one finds 

12 (3-4) 

g = 2p' + + ^p\ 

y p ^ 24^ 6912^ 

We next assume the ansatz that there are poles at x = + (3p + 6. For the 
curve in ( P?B| ) and ( |3.4D , there are two solutions for x where y"^ is a perfect square, x = 



'P^ /m\ + pmf/12 and x = — 4p^/m^ — pmf/24. At these points, y"^ is given by y 
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— ((p^ + 3p^m^/8)/mf )^ and = — (8p^/ml'^)^ respectively. The form of these solutions 
is quite suggestive since the Es adjoint has as an SO{16) decomposition 

248 = 120 + 132. (3.5) 

Hence, if we assume that 7 = —p^ /hi, where ha is the charge under the Cartan subalgebra 
for a particular element of the representation, then we see that the first pole corresponds 
to an SO{lQ) adjoint and the second pole corresponds to an SO{lQ) spinor. 

Therefore, to ease our search for the -Eg curve we will assume that the contribution of 
an element of the representation to Xsw is proportional to 

haHi dx ya dx 



x-Xa y h^x -Xa y 



(3.6) 



where y^ = h^yi, and 



Xa = h^Xa = -p'^ + f3iP + 9i (3.7) 



and the terms x^ and fjot are polynomials in the masses and p. 

Turning on another mass 1712 breaks the group down to SO [12), in which case we 
should choose the coefficients such that f p^ , g p^ and A ~ p^. This is not enough 
information to determine the terms in / and g and one must choose the coefficients such 
that y^ is a perfect square along a rational curve in the x — p plane. Assuming that the 
rational curve has the form in (|3.7| ) is sufficient to determine the curve for nonzero mi and 
m2- In fact, it is enough to only consider the pole with /iq, = mi + m2 to find / and g. 
With this / and g, one then finds that the other poles corresponding to other elements of 
the representation are consistent. 

One can keep on turning on masses until the generic deformation is obtained and the 
pole positions are determined. We won't actually prove here that the results presented 
below are the unique solutions to the ansatz in (|3.7|) i. 

The general idea for computing curves and pole positions is as follows. If x is chosen 
to be quadratic in p, then will be a sextic equation, 

6 

n=0 



^ The skeptical readers are invited to download a Mathematica file from http:/ /www.usc.edu/^minahan 
/Math/e8.ma and see for themselves that the rational curves lead to perfect squares in for this 
deformation of the Es singular curve. 
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where the a„ are polynomials in the mj. In order that j/^ be a perfect square, ao and 
must be perfect squares of polynomials involving the rrii. The coeflBcient ae is always 1. 
The coefficient ao is more complicated. Requiring that it be a perfect square leads to a 
series of linear equations for the coefficients of the curve and for the pole positions. Once 
oo is found, then we look for an ai such that the square root of ao divides ai. This then 
leads to more linear equations for the coefficients. Finally, we derive more linear equations 
by setting to zero the expression 



This turns out to be sufficient for determining the complete curve and the poles. 

The final results for the Eg curve are presented in the appendix A. It is convenient to 
express the curve in terms of a different S0{16) invariant T4 = T2/4 — T4. This gets rid 
of most of the higher powers in T2. By inspection, one sees that most of the generic terms 
in the curve actually have zero coefficient, which is a good thing, otherwise the expression 
for g alone would have 341 terms instead of the much more manageable 71 terms. 

One still has the freedom to shift p, removing the term in g. After this shift, 
p p — (T2T4/6+T6), the coefficients of p in / and g we are left with are eight independent 
Casimirs of Eg and hence form a natural basis for the entire set of Es casimirs. 

We have also given the positions of the poles as well as the corresponding values for 
y in the appendix. For an SO{16) adjoint pole, the pole position should be expressible in 
terms of two masses, and rrij, and the casimirs for the unbroken S0{12) orthogonal to 
i and j, Wn and Wq. 

The residue of the spinor poles are given by ^ 2^/2^1 ^» where the number of — 
signs is even. The state with all + signs has a residue that is proportional to the linear 
symmetric polynomial of the eight masses. Hence this pole position is expressible in terms 
of the symmetric polynomials Sn, where 




(3.9) 




■n 



(3.10) 



0<h..<i. 



n 



In order to show that this pole leads to a perfect square, we need the relation 



n 





m=l 
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where sq = 1 and Sp = if p > 8. The poles for the rest of the spinor states can be found 
by changing an even number of the signs of rrii in the symmetric polynomials. Because 
the curve has tg dependence, there are no poles at the positions found by changing an odd 
number of the signs. Hence, only one spinor of SO (16) appears, as is expected. 

There are some checks that we can do for our curve. We can let all the masses satisfy 
mj = m and compute / and g. In this case, we find that 

/^{p + Am^f g^{p + 4m^f. (3.12) 

This is the behavior for an singularity. A simple counting shows that this is sensible. 
The states with residues proportional to rrii — mj are massless, as are the spinor states 
with an equal number of plus and minus signs. There are 56 states of the former type 
and 70 of the latter, leaving 126 massless states, the number of charged states in the £^7 
adjoint. Likewise, we can consider the case where = m, i < 8 and mg = — m. In this 
case there is an singularity. There are still 56 massless states coming from the adjoint, 
but now, none of the spinor states are massless since an odd number of — signs is not 
allowed. Hence the counting is consistent with the number of charged states in the adjoint 
of SO {8). 

Once we have the pole positions and the value of y"^ at these poles we can sum these 
contributions to the Seiberg-Witten differential. As we have already mentioned, if the 
masses are such that a residue is zero, because of the form of the sum, the corresponding 
term can still contribute to Xsw- However, an interesting feature occurs in this situation. 
By inspection of eqs. (A. 3- A. 7), one sees that if the residue is zero then Xa divides ya, 
leaving a term that is linear in p in front of dx/y. Furthermore, the coefficient of p is the 
same for any state. It is also true that only the charged states are summed over, so it is 
unlikely that the sum of the poles is the complete Seiberg-Witten differential. However, 
the new piece should be invariant under the Es Weyl group and should be at most linear 
in p. 

Let us thus assume that Xsw is given by 

Xsw = z^iAp + BTi + CT^T, + DT,)- + , - (3.13) 

2V27r y 2y/2TTi h^x - x^ y 

where the sum is over half of the 240 charged states of the representation and ha/ (2V^7rz) 
is the residue of the state, normalized such that an 50(16) adjoint state has ha = ±mi±mj 
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and the spinor state has /Iq, = ±mi/2, where the number of — signs is even. The factor 
in front of the sum is chosen to match the normahzation in The coefficients A, B and 
C are found by fixing 

dXsw _ k dx (3 14) 

dp V27r y ' 

up to a total derivative, where k is to be determined. Given this form the coefficients 
in Xsw can be derived by considering special values for the m^. In particular, letting 
mi = m, mi = 0, z > 1 determines A and k, mi = m2 = m^rrii = i > 2 determines B 
and nil = ^2 = ^3 = ^ determines C. We find that k = 30, the Coxeter number for Eg, 
(half the index of the adjoint representation) , and that Xsw is 



Note that the piece without the poles is 



1 1^3^ dx 



2V2n V 4 V 2/ 

where p is the value of p after shifting to remove the p'^ term in g. T2 is invariant under 
the Es Weyl group, therefore, the entire term is invariant. 



4. Flovi^ing to the Other Cases 

We can investigate the Ej theory by taking two of the £^8 masses to infinity. Accord- 
ingly, let mi = A — (p/2 and mg = A + (p/2. These variables are the natural variables for 
the El subgroup 5*0(12) x SU{2). We also rescale x, y and p by x A^p, y A^y and 
p A^p. Plugging these new values into (A.l) and (A. 2) and keeping the terms to leading 
order in A gives the E^ curve. The values of / and g are given in (B.l) and (B. 2), where 
now the terms in the curve are given in terms of Dq invariants. It is convenient to replace 
T2 by T2 = T2 — In order to express the curve explicitly in terms of E-j invariants, it 
is necessary to shift p by (T2)^/72 + T4^/Q, which removes the p^ term in Je^- 

The positions of the poles are also found by using these same scaling arguments. 
However, since the adjoint of E^ decomposes under its Ej x SU (2) subgroup to 

248 = (133,1) + (1,3) + (56,2) (4.1) 
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some of these poles will flow to Ej adjoints and others will flow to fundamentals. In 
fact, it is easy to check that for the fundamentals, the piece scales out of Xq,, leaving a 
linear relation between x and p. 

It should be possible to flnd a self-consistent Xsw ^or each representation. Clearly, 
the coeflicient k in ( p.l3|) should split into a contribution of one -Ey adjoint and two 
fundamentals. Since k is the Coxeter number, this picture is consistent with k splitting 
into 18, the Ey coxeter number, and two values of 6, half the index of the fundamental 
representation. 

For the adjoint case, the Xsw is of the form 

63 



where the sum is over half of the 126 charged states of the representation. The values for Xa 
and ija are found in the appendix. In terms of the SO{12) x SU (2) subgroup, the residues 
of the poles are of the form {±mi±mj) / (2-\/27rz), ±(p / {2\^7ri) or ='=(/'/2) / {2\/2rci), 

with an odd number of — signs in front of the rrii for the S'0(12) spinor. As in the Eg 
case, the coefficients A,B, C, D, and E are chosen so that dXsw/dp ~ dx/y. Again, one 
can flnd these coefficients by choosing special values for the masses. The final result in 
this case is that 

Xsw = (9p+ + -tA - + y -, (4.3) 

2v^7r V 8^'^ 2 V 2/ 2V2Txi ^^hlx - y ' ^ ' 

and with k = 18, the Coxeter number for Ef. The residues for these poles are (±mi ± 
(p/2) /{2\/2TTi) or ±mi/(4-\/27rz) with an even number of — signs for the spinors. The 
term without the poles is clearly proportional to the shifted value of p, and hence this term 
is clearly an E7 invariant. 

For the fundamental case, the positions of the poles are now linear in p since the 
quadratic piece scaled out for these particular states. One can do an analysis similar to 
the adjoint case, with the result 

= 24p + i(f,)^ + lT,-inT, + S]'-^+'f:^'A (4.4) 

2y/2TT y 3 2 V3 J J y 2V27rz ^ x - Xa y 

where the sum is over half the 56 states. The value of k is found to be /c = 6. The term 
without poles in ( ^^ ) is comprised of a shifted p, plus a piece that is proportional to the 
square of the Ef casimir of weight 2, hence the entire term is an Ef invariant. 
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A natural way to flow from the Ej theory to the Eq curve is under the scaling uiq = A, 
(p = A— 6A, X — ^ xA^, y yA"^, and p — > pA. The masses rrii and A are the natural variables 
of the 50(10) X U{1) subgroup of Eq. Keeping only the leading orders in A gives the values 
of / and g in (C.l) and (C.2). 

For the adjoint case, the Seiberg Witten differential is given by 

^36 ~ 

ce = l 

where the sum is over half of the charged states in the representation. The value for k 
is found to be /c = 12, the Eq Coxeter number. The residues of these states are (im^ ± 
m j)/(2v/27rz), and the spmors ^^.(±mi/2±3A)/(2y27rz), with an odd number of — signs 
for +3A and an even number otherwise. Curiously, the sum over the poles is the complete 
differential. Unlike the Eg and Ef case, there is no extra piece linear in p. 
The Eq fundamental Xsw was given in 0] and was found to be 

Xsw = {I8p + 18XT, - - + V J^^, (4.6) 

2V2TV ^ ' y 2v^7rz ^x-x^y' 

CK— 1 

where the sum is over the 27 charged states of the Eq fundamental. Since this is a complex 
representation, the residues on the other sheet are part of the conjugate representation. 
Because of this, /c = 6, which is the index for the fundamental representation instead 
of half the index. The residues are of the form +AX/{2^m), (±m^ - 2A)/(2V27rz) or 
^^•(±mj/2 + A)/(2-\/27rz), where the number of — signs is even. 

Finally, we come to the case. This flow was discussed in 0. The appropriate 
scaling is to let x — > xA^, y — > yh? and to set p = wA, A = ciA/6 and ms = — C2A, where 
ci and C2 are the combination of theta functions deflned in [Q, 

ci = \{^t{r)+^t{T)) C2 = \^\{t). (4.7) 

Keeping only the leading powers in A, / and g reduce to the expressions in (D.l) and (D.2). 
The adjoint pole positions and values for y at the poles are given in (D.3) and (D.4). 

The Seiberg Witten differential for the adjoint representation is similar in form to the 
Eq expression, with Xsw given by 

2v27rz ^ /IqX - Xa y 

where the sum is over half of the 24 charged states in the representation. We also find that 
/c = 6, the 5'0(8) coxeter number. As in the case for Eq, the sum over poles is the entire 
A5VK5 there is no extra holomorphic piece. 
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5. Discussion 

In this paper we have constructed superconformal theories with global symmetries. 
We have also constructed Seiberg-Witten differentials based on the adjoints of these groups, 
as well as Xsw for an SO (8) global symmetry. 

The natural question arises whether or not the theories are equivalent to theories 
where the Seiberg-Witten differential is constructed from the fundamental representation 
of these groups. At first one might think that they are equivalent since the elliptic curves 
are the same. So one immediately concludes that the coupling is the same if all parameters 
are the same. However, the masses of the BPS states are found from Xsw and here it seems 
that there could be differences. For instance, consider the SO{8) case with all rrii set to 
0. Then Xsw looks identical for the vector, spinor or adjoint rep. However, the adjoint 
Xsw has a different normalization, so it would seem that all BPS states that one finds are 
6 times heavier than those in the theory with a vector Xsw, since k = 6 for the adjoint 
and k = 1 for the vector. 

If we tried to divide by this factor of 6 to set the masses equal, then another problem 
arises when we turn on the m^. Then we find that there are monodromies such that the 
coordinates a or ao shift by (±mi ±mj)/(6v^)- No such shifts are possible for the vector 
Xsw- So we must conclude that the theories are different. 

Still, the behavior is surprising for D4. The standard lore is that for each pole in 
Xsw: there is an electric state with charge 1. Hence the electric states are transforming 
under the adjoint of SO (8). But by triality, the magnetic and dyonic states also transform 
under the adjoint representation. We still find that the electric coupling runs to zero in the 
same fashion as in even though the electric states are different. The resolution of this 
paradox must be that the monopoles and dyons somehow contribute to the /3-function. 

Acknowledgements: We thank Nick Warner for many helpful conversations. This 
research was supported in part by D.O.E. grant DE-FG03-84ER-40168. 
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Appendix A. Eg, results 

For the curve of the form — — fx — g, the curve with Es symmetry has / and g 
given by 

rr rr. + rr, rr, , 10 , o + ^ ^8 10 2 ^8 2 

— -1-12-l-S — -\ 2 \- 2 1 2 

~ 2 ~ 3 

+ 2t8^ T4 + 2Ti4 T2 T4 + + MZiL + 4 T14 

4 4 

(A.l) 



6 / ' V 3 3 3 108 

, 2/^-34t8Tio , lOts'Ta , ^ ^2 , I6T14T4 2Ti2T2f4 , 5Tw{f^f , 31*8^2 (f4)' 
+ P I ;j 1 ;j r -1-14-1-2 H ;i 7: 1 ^r;; r 



36 36 

10t8T4T6 ^ T10T8 ^ IU8T2T8 

- 2 T12 n + — 3 — + ^- + — 3 — 

fo-t 3 , 2 I6T10T14 T10T12T2 4t8 7'l4 72 , ^8^12^2 2Tio T4 

+ p^8t8 +2T12 + 3 + 3 ^ 

10t8ri2r4 23^8 Tip r2f4 25t8'r2'f4 10t8'(f4)' ^T^aT2{tS Ti2{f^f 
3 9 9 3 6 12 

+ '3''^ + — 3^ + 3 -8t8^r8 + 2ri4r2r8 

~ ~ 2 

T12 T4 Tg 2t8 (T4) Ts 2 
+ ^ 3 

Zl 10 Ztg IlO ll2 , . , 2 rr ^tgllO J-2 Ztg Ii2 12 , ■^tg IiQ 12 Ztg 12 
H — 1 h 4t8 114 7: r 



27 3 9 3 9 27 

2^8 3^10 34 _ 2^8 r2 34 T12 T2 T4 ^ 4Tio ri4 r2 T4 4t8ri4 32 34 3io ri2 (T4) 

3 3 2 3 3 12 

^, ^ ,-,2 ^ Ilt8ri2r2(f4)' , tsTiojf^f , 5t8^r2(f4)' , Ti4(f4)' , ^ 2^ 

+ t8TM(T4) + + + + 16 + T12 n 

8T10T14T6 , 8^8 2^14 22 76 . nj. m m . j. 2 rff< \^ m T'lO ^12 



+ ° ^ " +2t8ri2r4r6 + t8"(r4) n- 
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^ ^ ~ 2 

/I + ^ rr , ^8 ^12 72 ^8 T'lO 24 , ^8 ^2 24 2l4 (24) 2^8 2 
-4t82i428H ^ ^ 1 ^ ^ h J1428 

(A.2) 

where the 50(16) invariants T„, and T4 are described in the text. 
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The 240 poles occur at the 112 charged states in the adjoint of 50(16) and the 128 
states of a spinor representation. In finding the pole positions, it is convenient to expand 
the expression in powers of ha, where ha/{2V^7ri) is the residue for that pole. For the 
adjoint case we find that 

1 V ..fi 



+ mirrij Qw^s - ^pW2 + ^W2W6^ + {mimjf + '^Wq + ^W2W4 

- h% {Uv^WQ + ^pW2 + + ^mimj{29we - 5p) + ^{mimj)\Wi + 2W^4)) 

(A.3) 

where hij — {rrii + rrij) and the variables Wn satisfy 

Wn= K-^l W4=\wi-W4 we = t8/{m,mj) (A.4) 



il<-in 



We could also choose to change the sign of rrij in these expressions. When x = Xij then 
is a perfect square, with ■^—yfj given by- 



IB 



{p-we + l^mimjW4)^ - \hjj ( p - + l^niimjW^ ] x 



2 " ' 8 V 2 

4oW. 



(apWa + 8WiQ - 12wqW4^ + 2mimj{4W8 + 5W2We - pW^s) + {mirrij)^ {3W2W4 + 8We + IQwq) 



+ ^hfj ( 16W^ioW4 - 8wQ{W4f - 8p'W2 - Z2wqW8 - 2AW2wl 



+ mimj{l2p^ + 8PW2W4 + 32pWG - 56pwQ - 84wl - 24W2W4WQ - 2AW2W1Q - ^wqWq 
+ {rmmjfi-AW^p - 2W|p + 20W^4ty6 - 8W2W8 - 64W^io - QWiwo) 

+ {mimjf{2,WiWA - 32^8 + 8W2WQ + 2,(W4f) 



+ hi% ( 3p2 + I2p«;6 + Qwl + 2^2 '^4^6 + 8w(^We + 2V^^2Wio 



+ ^mimj{-pWi - 2pW4 + SW^Wq + GW^wq + SOWio) + ^{mimjf{3pW2 + 7W2W6 - GWs) 

+ l{mimjf{48w6 - 8We - Wi - 6W2W4) 
8 

+ Y^/tfj- (^-48Wio - 8WiwQ - IQW4WQ + 8mimj{pW2 - 3W2Wq) - 2{mimjf{5p + Idw^) 



+ 3{mimjf{W^ + W4)^ 
+ ^hl!l{16W2W6 - Armmjip - 3we) - 3{m,mjfW2) - ^h]f{8we - {m.nijf) 

(A.5) 

The spinor poles are found ai Xsp — hlpXsp, where hsp = si/2 and 
Xsp = -P^ - S1S5P + -^Si(4ps4 - sj- 8S3S7) + ^sl{-pss + 2s3Se + 6S2S7) 

where s„ is the symmetric polynomial for eight masses of order n, linear in each m^, and 
with an even number of rrii replaced with —rrii. The term p is p = p — sq. At the poles, 
is a perfect square, with ygp = Vsph^p satisfying 
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~ylp =p^ + ^sissp^ - \s\p{psA - 2S3S7 - s'i 



1 



+ o^liP '^3 - 2p(s3S6 + 3S2S7 + S4S5) + 4S3S5S7) 
o 

+ ^Si(p(s3S5 + 2S2S6 - 2S8) - 2S3S4S7 - 2S2S5S7 - 2S3S8 - 2^) 
o 

+ ^Si(p(4s7 - S2S5) + 6S2S3S8 + 2S2S4S7 + 2S6S7 - 2S5S8 + 2S3S7) 

+ ^s^-psa - 2sls8 + S5S7 - 2S2S3S7) + ^sl{ps5 + 2sls7 - 2S4S7 - 6S3S8) 
15 d4 

lo. ,1q liri 111 

+ ^s,{2s,ss + sssr) - -s,s,sr - —s, ss + —s, s, 

(A.7) 

Notice that in ( [A.3| )-( |A77D , when is zero, then Xo, divides ya- 



Appendix B. Ei Results 

The E-j curve is derived from the -^8 curve by setting mj = A — (f)/2 and ms = A + (f)/2 
and then taking the hmit A 00. Scahng the other variables as described in the text, 
and keeping only the leading order terms, one finds 



f o 3 I I (^2) I I [0^2^ 2T2te 2T2TQ 
fEr = 2p'' + p I + T4 I + p I 8 (/) + + — ^ 2 Tg 

— 3 --^2 



(B.l) 



and 
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+ ^ 1,^^^° 3 1^ + ^— + 36 +^ 

+ P (^^^ - (T2)V,o + 4T,oT. + - 

~^~~r^ — ^ ^ ^^-2) 

2f2r6' (r2)V8 ^2^47^8 ^teTg 2 Tg 

912 33 3 

(f2)%6^ 2f2T4t6^ 16^6^ S^^TipTe {f2fhn 
6 3 27 3 12 

^ , ,2 

T2T4t6?6 ,8*6 ^6 4^6 26 ,2 Te oj,2^ J. ^ (^2) ^6^8 

+ 3 + 9—^^-^"^ 6 

~ 2 

2T4t6Tg {T2) TqTs T^TqTs ,2^2 
+ + 12 3—^"^ 

where T2 = ^2 — 0^- The variables T„ now refer to invariants of 50(12). is the product 
of six masses. 

The Eg representation sphts into an adjoint and two fundamentals of E^. The E^ 
adjoint is made up of an S'0(12) adjoint, spinor and singlet, where the spinor and singlet 
are charged under the SU{2). The poles for the S'0(12) adjoint, whose residues are hij = 
rrii + rrij (plus sign permutations) divided by the usual factor of 2\/27ri, satisfy 

Xijj = - (^p-w^- ^mimjW2^ + h^j (^-^pW2 + W2W4 + ^Wq + ^mimj{-p + 2Wa + 5^4) 



(B.3) 

where Wn and W4 refer to the 50(8) invariants transverse to the i and j directions and 
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where W2 = W2 — (/>^. The i/ij for these poles are 



1 ~ \^ 1 , o / 1 



-yfj = \^P-u)4- -mimjW2j - -hlj - 1^4 - ^mimjW2 j x 

X (^-2pW2 + 6W2W4 + 4:W6 + mimj{-2p + 4W4 + lOw^) + {mimjf{yV2 + 4(\)^\ 
- ^h\^ (^V + 8m;4W4 + 12zi;| + m2W& + 'IWlw^ 

+ 4mimj{~pW2 - 2p(j)^ + ?,W2W4 + 6^^ 1^4 + "iWo) 
+ 2(mimj)2(p2 + 3^^^ + w^) - {mimjf{W2 + 4(/)2)) 

^/ifj- [AW4W2 + 8zy4</'^ + 4VF"6 + 2m,mj(-p + 3zi;4) - (m.mj)^) - ^h^w^. 

(B.4) 

The 5'0(12) singlet pole position, X7 = xijh?, where /i = is given by 



xi = -{p- \{T2f + ^T4) + \<^\pT2 + n- 2t,) (B.5) 



and y-r is 



1 ,~ .0 1„ \^ ,0 / 1 ,~ .0 1, 



-y^ = (^p - -(Ts)^ + -T4J - (^p - -(Ts)^ + -T4J (pT2 + Te - 2^^) - 4>\p' + Tstg - Tg 

(B.6) 

Because of the manner in which was reached from i^g, the SO {12) spinor that is part 
of the E-j adjoint has an odd number of minus signs. The residue is hgpj {2^2T:i\ with 
hs-p = {Si —(f))/2, and where Si is the sum of SO{12) masses with an odd number of minus 
signs. It is straightforward to find the pole position from (|A.6|) , with the result 



1,0 „^ ^-^p[p(p + 2S4(p - 2S5) 

2 (^•^) 

— / 
3 

where the 5"^ are symmetric polynomials in the but with an odd number of replaced 
by —rrii and the term p is p = p + 5*4 The value for y at such a pole, yspj, is given by 



Xspj = - p2 + 2KppSs - -h%{4pS2 + Si + 8S,cl>) + -h%{pcl) + 254</> - 2^5) 
+ ^h%{p + 2S4). 



-ysp,7 =P' - ^hspP^Ss + 2h%p{pS2 + ^3' + 2^5</>) - h%{p^4> + AS^S,4> 

+ 2p(52^3 + S^ct^ - 2^5)) - 2/i^p (p2 - pS^cj) + 2^3^5 - 252^5^/' - 2^, 
+ 2h%{pQ^ + 2^2^5 + 2^6<^ - 2^5^/'') - 9>h%S^(j) - Ahl^S^. 



(B. 
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The E-j fundamental has an SO{12) vector and the other spinor. The vector poles are 

at 

^i,7 =P I h 2 (/) H 1 rrii cp + 2w^(p cp 



^3 3374 3 2 

h mi © Vto H 

4 2 ^ 2 4 3 3 

(B.9) 

with 

+ (((/> + z,f -W2f- zfW, {{<P + z,f - W2) 

- w, ((((/> + z,)' - ^2)' + 2zf{(P + z,)) + WecPz^ - WscP 

(B.IO) 

The spinor poles are at 

where are symmetric polynomials with an even number of minus signs. The y values at 
the poles are 

2 , , «3</>^ (si^S3)\ 81^8384 2 , «1^«5 

-2/;p,7 =p «i + p I +2 S5 + — — ^ 1 + — ^ Si S4 + 

2 LO 3 L/l /I ^3 g4 </>^ gj^gS </>^ 
-Si S2S5 + 2S4S5 - Si 86 + 4:81 82 86 - 4:83 86 

+ S2 85(f) +8i86(p H ^ — 



(B.12) 

Notice that in ( p.lO| ) and (|B.12|) , the coefficient in front of the term is twice ha. 

Appendix C. i?6 Results 

The i?6 curve is reached by letting mg = A and (p = A — 6A, while scaling x xA^, 
y —>■ yA^ and p —>■ pA. The resulting expressions for / and g are 



Je, =p' (12A2+T2) +p (8AT4 + 8t5) 



+ 36 Te - T2 Te + 4T8 + - 432 A^ + 12 AT2 h 
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9E, ^p" + (-16 + 4 A T2) + p2 1^20 A^ T4 + ^ - 40 A - 2 Tg^ 



+ p {^-^ + 864 A^ t5 - 96 A^ + 2 T^^ - + 144 A=^ T, 

-4AT2T6 -32AT8 ) (C-2) 



Q /TH 3 rji rji 

+ — ^-i44A^r4t5 + 4Ar2r4t5 + i44A^t5^ + i2A^r4r6- ^ 

- 24 A + Te^ + 1296 A^ Tg - 72 A^ T2 Tg + Tg - ^ 



3 

The Eq adjoint is made up of the SO{lQ) adjoint and two spinors. The spinors are 
charged under the U{1), with the separate spinor representations having opposite charges. 
The S'O(IO) adjoint poles are positioned at x^^g — ^ijfihij, where hij — rrii + rrij and 

2 / \ 
Xij,6 = - (p - GmirrijX - w^)^ + [-Q\{p - 8^3) + W4 + mimjW2 + {niimjYj 

(C.3) 

where Wn and tus are the 50(6) invariants orthogonal to i and j. At these points, y^^e is 
given by 

\J-yij,Q = {p- QrriimjX - w^)^ + hij {p - GmirrijX - w^) x 

X (6X{p - 3W3) -W4- mimjW2 - {rriimjf^ (C.4) 
- htj (w3iW2 + 36A^) + 6AW4 - rmmjip - Sws)^ + h^wa 

The SO(IO) spinors in the Eq adjoint have poles at xh^p = Xsp,6, where hsp = 5'i/2+3A 

and 

xsp,6 = - + 2hsppS2 + h% {^pX - 6A53 - ^-Sl - - '^h%(2,p - 2S3) (C.5) 

where the Sn are the symmetric polynomials over the five rrti of 50(10) but with an odd 
number of rrii replaced with —rrii. The variable p is p = p + S's. At these poles, ysp = yh^p 
satisfies 

J-Vlpfi =f - ^hspS2f - 2h%p{6pX - Si - 254) 

V (C.6) 
+ h%{p{3p - 2Ss) + 12pXS2 - 4:8284) + 2h%{-p82 - I2X84 + 285). 
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The Eq fundamental poles were given in 0, which we repeat here for convenience. 
The 50(10) vector pole positions and values for y are 

x,^6 =p (-4 A + 2 rui) - 36 m^^ + 12 A m,^ -m^^ + 2w4+ ^ ^\ - ^ (C.7) 



3 



2 4 



-y2^ =p2 + p (_36 m, + 24 A m^^ - 3 m^^ + W2) - 216 A^ m^^ + 108 A 
— 18 A nii^ + rrii^ — 36 A^ + 12 A — 3 rrii^ t(;4 + 6 A m^^ 1^2 

- + ^^4 + - 

(C.8) 

where and W4 are the 5'0(8) invariants orthogonal to i. The residues are hi = rrii — 2A 
divided by 2^/2Tci. The spinor poles satisfy 

X.,, 6 =p (2 A + .1) - ^ - 6 A .3 - ^ + ^ (C.9) 



~y1p'fi=P + P (-6 As2 - si S2) + 6 As2 S3 + si S2 S3 - S3 +36A S4 

(C.IO) 



si^ S4 — 12 A S5 + 2 si S5 



where s^ are symmetric polynomials with an even number of — signs. The residues are 
(si/2 + \)/{2y/2m). Finally, the 5'O(10) singlet, with residue A\/{2\/2'Ki) has poles at 



2 

a:,,6 = 8 A p - 324 A^ + 18 A^ r2 - ^ + ^ (C 11) 

with 

- + p (-216A3 + 6AT2) 

(C.12) 



-vIg =P^ + 5832 A^ - 486 A^ T2 + ^ + p (-216 A^ + 6 A T2) 



- 18A2T4 + + I2AT5 -Tg 



Appendix D. D4 Results 

For the D4 case, the appropriate scaling is A = — ciA/6, = — C2A, p = uA, 
X xh? , and y yA"^, where ci and C2 are defined in [Q. Keeping the leading order in 
A, the / and g terms reduce to 

f Ci^ o\ 9 4ciC2^T'2W o q C2^T2^ 

/d4 = ^+C2'U' -2ci'c2t4 + 2ciC2't4 + 



3 ; 3 3 (D.l) 

+ Ci^ C2^T4 - C2'^T4 



20 



and 

^^^ = 1,^-^-;^ +(, — 9 — 

, /-2ci4c2t4 , 8ci2c23t4 5 4ciC2''T2^ 2 Ci^ 02^ T4 , 2 Ci €2^ T4 , 

+ [ 3 + 3 9 3 + 3 

2ci^C2H4T2 2C1C2H4T2 2C2^T2^ Ci''c2^T2T^ C2^T2T^ 

3 3 27 3 3 

+ ci^ C2^ Te-2 ci^ Te + 02^ Tg. 

(D.2) 

The T„ and are 5'0(8) invariants. The pole positions for the 50(8) adjoint, with 
hij = ± ruj satisfy 

2 1 
5y,4 = - (tt + C2i(;2 + cimiTrij)'^ + -h1j{ciu + C2W2 + 3C1C2W2 + c\mimj) - :^clhfj, 

(D.3) 

where W2 and 102 refer to the (SO (4) invariants transverse to the i and j directions. The 



values of \J —y'ij 4 at these poles are 



~y'ijA ^^'^ '^2^2 + cirriimjY - h'^jiu + C2W2 + Cimi'mj){ciu + clW2 + SC1C2W2 + c^mirrij) 

ltjC2{ciC2W2 + {cl + CI)W2). 

(D.4) 



+ h%C2{ciC2W2 + (C^ + CI)W2). 
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